arXiv: 1506.07012v8 [math.CA] 20 Nov 2016 


ON XIAN-JIN LI’S CRITERION 


RUIMING ZHANG 


Abstract. It seems that in order to satisfy Xian-Jin Li’s criterion, the argu¬ 
ments of the zeta zeros must be distributed very nicely, as what happens to 
the Bessel function Ju{z)lz^ on the real line. But the asymptotic behavior of 
^(s) and numerical evidence do not support this. In this work we present a 
piece of numerical evidence against the Riemann hypothesis. 


1. Introduction 

Let C(s) be the analytic continuation of the function defined by [T] 


( 1 . 1 ) 


1 


C(s) = X~’ ^ 


where s = a + it, cr, i G M and the Euler F function, [T] 

(- 1 )^ 


( 1 . 2 ) 


r(^) = E 


n>0 


n\{z + n) 


/ CX) 


Then Riemann f function, |T] 


(1.3) C(s) = l)7r (0 C(s) 

is an entire function satisfying and it satisfies [1] 

(1.4) 2^{z) = l + z{z-l) ’ 

where and 

(1.5) ^(s)=^(l-s). 

It is well-known that it has infinitely many zeros inside the critical strip 0 < ct < 1. 
The celebrated Riemann hypothesis states that all the zeros are on cr = 1/2. 

Through years many necessary and sufficient conditions for the Riemann hy¬ 
pothesis have been found, and one of them is Xian-Jin Li’s criterion. Let mu] 

1 

then Xian-Jin Li’s criterion can be stated as that the Riemann hypothesis is com¬ 
pletely equivalent to the statement that A„ > 0 for all n G N. 


, n G N, 

S = 1 
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Xian-Jian Li’s criterion implies that the Riemann hypothesis is valid if only if 
the arguments of the zeta zeros are nicely distributed. These happens to Bessel 
function Ji,{z)z~'^^ its zeros are very close the zeros of trigonometric functions on 
the real line. But the numerical evidence and asymptotic behavior of ^(s) do not 
support this kind behavior. In the following we present a numerical argument seems 
to disproof the Riemann hypothesis. 

Here are the main ideas of our approach. At the first step we notice that the 
even entire function 2 ( 0 ) = C(l/2 + iz) is of genus 1 and it takes real values for z 
real. Then we define an genus zero function f(z) = 0 < argz < 27r via its 

infinite product expansion. It is clear that if we assume the Riemann hypothesis 
then it has only negative zeros. Since we know that given an entire function f{z) of 
genus zero, if it has only negative zeros, then its logarithmic derivative is completely 
monotonic. The we write the logarithmic derivative of f{z) as a Laplace transform 
of a positive Borel measure on (0, 00 ). By applying the characteristic function of 
a normal distribution we can express an integral related to this Laplace transform 
into a Fourier transform of a positive measure on the real line, and thereby we 
obtained a positive semidefinite quadratic form. Finally, we check numerically that 
the determinants of this quadratic form sometime take on negative values. 

2 . An Argument Against Riemann Hypothesis 

It is more convenient to switch to the Riemann Xi function E!(s). The Riemann 
E!(s) function defined by 

(2.1) S(z) = ^ , zeC 

is an even entire function of genus I, and it has an integral representation [3] 


( 2 . 2 ) 

where 

(2.3) 


/ oo °° (_„ 2 \n rco 

-00 n —0 J—00 

00 

cj){t) = 2 tt |27rn"‘e““ — 3n^e““ | exp (—n^7re“^*) . 


It is well known that is positive, even and fast decreasing smooth function on 
R. Clearly, 

(2.4) E{it) >0, n e No t e K. 

We observe that (EH) and 


(2.5) 


ap) = 0 


^ P-2 


= 0 , 


( 2 . 6 ) 


p=-+^z 


l-p=^-iz. 


They imply that all the zeros of :i{s) are symmetrically located with respect to the 
imaginary axis, but none of them on the imaginary axis. Let 

(2.7) 


Plj P 2 , • ■ • , Pn ,--- 
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be the set of zeros of ^(s) with 5(pn) > 0, then 

(2.8) zi, Z2,..., z„,... 

is the set of zeros with 5i(z„) > 0 such that = i +*Zn- The Riemann hypothesis 
is 5R(p„) — n G N if we state it in terms of ^(s), and it is 5(z„) = 0, n G N 
if we state it in terms of S(z). 

In section 2.8 of |3], Edward essentially proved 

1 


(2.9) 


^(■s) 

C(^) 


nb 


s — 


p-h ’ 


s G C 


with p and 1 — p paired. In terms of ^{z) that is 

"(z) ^ ' 2 ' 

( 2 . 10 ) ^ ’ 




Since ^(s) is an entire function of genus 1, then 


( 2 . 11 ) 


/(z)=n (i+4)=E 




X Loo^it)dt 

defines an entire function of genus 0. Furthermore, 


( 2 . 12 ) 


/w=n 


[iy/z) 


m ’ 


0 < argz < 471. 


If the Riemann hypothesis were true, then > 0, n G N and /(z) > 0 for z > —z^, 
then log/(z) is well-defined for z > —z^ and 


(2.13) 


(_l)feafe 


(m 

\f{z) 


= E 


k\ 


T'l (Z + ^n) 


fe +1 


> 0 , 0 , A: = 0 , 1 ,..., 


thus is completely monotonic on [0,oo), [S1[S]. Therefore, there is a positive 
Borel measure p,(x} on (0,oo) such that 


(2.14) 


s(») = E 


n —1 


poo 

/ e~^*dp{t), z > 0. 

Jo 


Since g{z) is indefinitely differentiable at z = 0, then x^dp,{x) < oo, n = 

0 , 1 ,.... 

On the other hand, by the functional equation, we have 


(2.15) 
and 

(2.16) 


(*V^) = ^ =i[n+'/z 


1 


ff(^) = 


f'{z) _ (^ + V^) 


e - Vi) 


/(z) 2y/z^ + ^/z) 2y/z^ — ^/z) 


Then the function 


giz) = 


_ V - v^) 

2 \/iC (5 + Vz) (5 — \/i) 


+ yi) 


(2.17) 
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is completely monotonic for z > 0. Hence 
(2.18) g{z^) = 


2 i_ 


2z^ (i + z) 2z^ (i - z) 


e ^ z >0. 


From the characteristic function of the normal distribution we get 


(2.19) 
then 

( 2 . 20 ) 

Since 


g-y /(4t) 


e^^^dy, t > 0, 


9{z^) = 


201 


2071 




e-yV(4t)^y' 


then 

( 2 . 21 ) 


Hy) = r 

Jo 




2071 


, 2 /G 


pOO 

/ dy{t) < oo, 

Jo 


10 2^ 
defines a bounded positive measure on R. Then we should have for all n G N and 
Zi G M, Ci G C, i = 1,..., n, 

( 2 . 22 ) 


^ g {{zi - Zjf) acj = J2 
*, 1=1 *, 1=1 


0 

[^+Zi 

- z-^ 
ZjJ 

1 CiCj 

2 {zi - 

- Zj)^ 

+ 

1 


1=1 


dviy) > 0, 


consequently, 

(2-23) det {g ((zi - > 0, 

for all n G N and z^ G M, 1 = 1,..., n. 

However, if we let n = 3, zi = 1, Z 2 = 2, Z 3 = 3 we get 

(2.24) det {g {{zi - « -0.00153356, 

if n = 4, zi = 5, Z 2 = 6 , Z 3 = 7, Z 4 = 8 we get 

(2.25) det (g {(zi - zj)^))^^ « -0.0000695685, 
which is impossible. 
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